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1. An invasive species of plant appears in a fruit grove at time ¢ = 0 and begins to spread. The
function C defined by C( ¢ ) = 7.6arctan(0.2¢) models the number of acres in the fruit grove

affected by the species t weeks after the species appears. It can be shown that C'(¢) = 5 53_?_ 7

(Note: Your calculator should be in radian mode.)

A. Find the average number of acres affected by the invasive species from time ¢ = 0 to time
t = 4 weeks. Show the setup for your calculations.

B. Find the time t when the instantaneous rate of change of C equals the average rate of change
of C over the time interval 0 = r = 4. Show the setup for your calculations.

C. Assume that the invasive species continues to spread according to the given model for all
times ¢ > (. Write a limit expression that describes the end behavior of the rate of change in
the number of acres affected by the species. Evaluate this limit expression.

D. At time ¢ = 4 weeks after the invasive species appears in the fruit grove, measures are taken
!
to counter the spread of the species. The function A, defined by 4(¢)=C(¢) —fl 0.1- In( x )dkx,
models the number of acres affected by the species over the time interval 4 = r = 36. At what

time f, for 4 = ¢ = 36, does A attain its maximum value? Justify your answer.

2. Curve C is defined by the polar equation #(6) = 2sin”@ for 0 < @ < 7. Curve C and the semicircle

r= 15 for 0 = @ = 7 are shown in the xy-plane.

} t 1 } X
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(Note: Your calculator should be in radian mode.)

A. Find the rate of change of r with respect to 8 at the point on curve C where 8 = 1.3. Show the
setup for your calculations.

B. Find the area of the region that lies inside curve C but outside the graph of the polar equation
r= 15 Show the setup for your calculations.

C. It can be shown that % = 4sinBcos @ — 2sin° @ for curve C. For 0 < < %, find the value

of 8 that corresponds to the point on curve C that is farthest from the y-axis. Justify your
answer.

D. A particle travels along curve C so that % = 15 for all times t. Find the rate at which the

particle’s distance from the origin changes with respect to time when the particle is at the
point where @ = 1.3. Show the setup for your calculations.



3. A student starts reading a book at time ¢ = () minutes and continues reading for the next 10
minutes. The rate at which the student reads is modeled by the differentiable function R, where
R(t) is measured in words per minute. Selected values of R( ¢ ) are given in the table shown.

t (minutes) 0 2 8 10

R(t) (words per minute) | 90 | 100 | 150 | 162

A. Approximate R'(1) using the average rate of change of R over the interval 0 < ¢ < 2, Show
the work that leads to your answer. Indicate units of measure.

. Must there be a value ¢, for 0 < ¢ < 10, such that R(c¢)= 155? Justify your answer.

. Use a trapezoidal sum with the three subintervals indicated by the data in the table to

=]

10
approximate the value of J; R(t )dt. Show the work that leads to your answer.

D. A teacher also starts reading at time ¢ = 0 minutes and continues reading for the next 10
minutes. The rate at which the teacher reads is modeled by the function W defined by

Wit)= —%f‘z + 8¢+ 100, where (1 ) is measured in words per minute. Based on the model,
how many words has the teacher read by the end of the 10 minutes? Show the work that

leads to your answer.

4. The continuous function fis defined on the closed interval —6 = x = 12. The graph of f,
consisting of two semicircles and one line segment, is shown in the figure.
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Let g be the function defined by g(x) = J;‘ £(1)dr.

A. Find g(8 ). Give a reason for your answer.

B. Find all values of x in the open interval —6 < x < 12 at which the graph of g has a point of
inflection. Give a reason for your answer.

C. Find g(12) and ¢(0). Label your answers.

D. Find the value of x at which g attains an absolute minimum on the closed interval
—b6 = x = 12. Justify your answer.



5. Let v = f(x) be the particular solution to the differential equation ?—I = (3 — x)y* with initial
condition f(1)=—1.

} ¥
A. Find f"(1), the value of d—; at the point (1, — 1). Show the work that leads to your answer.
X

B. Write the second-degree Taylor polynomial for fabout x = 1.

C. The second-degree Taylor polynomial for fabout x = 1 is used to approximate f(1.1). Given
that | f'(x)| = 60 for all x in the interval | =< x < 1.1, use the Lagrange error bound to show

that this approximation differs from f(1.1) by at most 0.01.

D. Use Euler’s method, starting at x = | with two steps of equal size, to approximate f(1.4).
Show the work that leads to your answer.

6. The Taylor series for a function fabout x = 4 is given by
= (x—a)" ' {x—4)2 [1—4)3 {1—4]4 (x—4)
= 3.3 T g T 3 Tt T an
n=1(n+1)3 3-3° 4-3 (m+1)3
its interval of convergence.

n+ 1

+ --- and converges to f(x) on

A. Using the ratio test, find the interval of convergence of the Taylor series for fabout x = 4.
Justify your answer.

B. Find the first three nonzero terms and the general term of the Taylor series for [, the
derivative of f, about x = 4.

C. The Taylor series for /" described in part B is a geometric series. For all x in the interval of

convergence of the Taylor series for f”, show that f'(x) === j :

D. It is known that the radius of convergence of the Taylor series for fabout x = 4 is the same as
the radius of convergence of the Taylor series for /' about x = 4. Does the Taylor series for

x—4 X
7—, at x = 87 Give a reason for your answer.

' described in part B converge to f'(x) =
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)
(minutes)

C(r)
(degrees Celsius)

100 85 By 55

1. The temperature of coffee in a cup at time ¢ minutes is modeled by a decreasing differentiable function C,

where C(r) is measured in degrees Celsius. For 0 < 1 < 12, selected values of C(r) are given in the table
shown.

{a) Approximate C’(5) using the average rate of change of C over the interval 3 < r < 7. Show the work that
leads to your answer and include units of measure.

(b) Use aleft Riemann sum with the three subintervals indicated by the data in the table to approximate the

12 12
value of Jn C(1) dr. Interpret the meaning of é‘[ﬂ C(1) dr in the context of the problem.

—24.55"01

{c) For 12 < 1 < 20, the rate of change of the temperature of the coffee is modeled by C’(1) = :
I

where C’(f) is measured in degrees Celsius per minute. Find the temperature of the coffee at time ¢+ = 20.

Show the setup for your calculations.

0.2455%" (100 — 1)

:2

{(d) For the model defined in part (c), it can be shown that C”(1) =

CFor 12 <1 < 20,
determine whether the temperature of the coffee is changing at a decreasing rate or at an increasing rate.

Give a reason for your answer.



2. A particle moving along a curve in the xy-plane has position (x(r), v(r)) at time r seconds, where x(r) and v(r)
are measured in centimeters. It is known that x°(r) = 8r — 1% and y(f)= -1+ Vil 4+ 20, Attime 1 =2

seconds, the particle is at the point (3, 6).
(a) Find the speed of the particle at time r = 2 seconds. Show the setup for your calculations.

(b) Find the total distance traveled by the particle over the time interval (0 = 5 = 2. Show the setup for yvour
calculations.

(c) Find the y-coordinate of the position of the particle at the time ¢ = 0. Show the setup for your calculations.

(d) For 2 < r = &, the particle remains in the first quadrant. Find all times ¢ in the interval 2 £ ¢ < § when the
particle is moving toward the x-axis. Give a reason for your answer.



3. The depth of seawater at a location can be modeled by the function H that satisfies the differential equation

dH | !
s E{H — 1)cos (E)’ where H(r) is measured in feet and r is measured in hours after noon (r = 0). It is

known that H(0) = 4.

(a) A portion of the slope field for the differential equation is provided. Sketch the solution curve, v = H{1),
through the point (0, 4).

10

\
[ Y Y Y S A
[ R A S A A A S

VOV ON N N N N N N

|
| Y R B A AR S S S S
| | /7 7/ 7 7S s s s

\
(.
|1

LT T Y N N N N N L N

K

L T N T T S

\
l
|
/

L T N T
T T T N N e N A

\
||
I
I
||

(b) For 0 < r < 5, it can be shown that H(r) > 1. Find the value of r, for 0 < r < 5, at which H has a critical
point. Determine whether the critical point corresponds to a relative minimum, a relative maximum, or
neither a relative minimum nor a relative maximum of the depth of seawater at the location. Justify your
answer.

(c) Use separation of variables to find v = H(r), the particular solution to the differential equation

dfH | i
- E[H_ l}cns(;) with initial condition H(0) = 4.



Graph of f
4. The graph of the differentiable function f, shown for —6 = x £ 7, has a horizontal tangent at x = —2 and is

linear for 0 £ x = 7. Let R be the region in the second quadrant bounded by the graph of [, the vertical line
x = —6, and the x- and v-axes. Region R has area 12,

{a) The function g is defined by g(x) = L: f(r) dr. Find the values of g{—6). g(4), and g(6).

{(b) For the function g defined in part (a), find all values of x in the interval 00 < x < 6 at which the graph of g
has a critical point. Give a reason for your answer.

{c) The function h is defined by hix) = Ixﬁ f'(1) dr. Find the values of h(6), h'(6), and h"(6). Show the work

that leads to your answers,

X 0 T r

il s 6 0

5. The function f is twice differentiable for all x with f{0) = 0. Values of f”, the derivative of f, are given in
the table for selected values of x.

- . A # 2 - ]
(a) For x = 0, the function h is defined by h{x) = jn J 1+ (f’(r))” dr. Find the value of &’(x). Show the work

that leads to your answer.

. & 2
(b) What information does Iﬂ y 1+ (f'(x})” dx provide about the graph of f ?

(c) Use Euler's method, starting at x = () with two steps of equal size, to approximate f(2x). Show the
computations that lead to your answer.

I
(d) Find J{I + 5)cos (I) dr. Show the work that leads to your answer.
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6. The Maclaurin series for a function [ is given by E w and converges to f(x) for all x in the interval
n=1 M 5]

of convergence. It can be shown that the Maclaurin series for f has a radius of convergence of 6.

{a) Determine whether the Maclaurin series for f converges or diverges at x = 6. Give a reason for yvour
answer.

(n+ 1}( 3)"

t’: a=l N

o n
(b) It can be shown that f E — —] and that the first three terms of this

125
series sum to 53 = ~1aa- Show that ‘ fl=3) -8 ‘

s0°

{c) Find the general term of the Maclaurin series for f*, the derivative of f. Find the radius of convergence of
the Maclaurin series for [

“ (n+ 1 X"
id) Let g E ;ﬂ . Use the ratio test to determine the radius of convergence of the Maclaurin series
n=1

for g.
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i
(seconds) 0 a0 0 | 120 | 135 | 150
flz)
0 01 (015 | 01 | 005 O
i gallons per second)

l. A customer at a gas station is pumping gasoline into a gas tank. The rate of flow of gasoline s modeled by a
differentiable function f, where f{f] 1s measured in gallons per second and ¢ is measured in seconds since

pumping began. Selected values of f{r] are given in the table.

135
ia) Using correct units, interpret the meaning of -LI:I JFir) dt in the context of the problem. Use a right

Riemann sum with the three subintervals [60, 90], [90, 120], and [120, 135] to approximate the value of
135
_Lu Fle) dt.

ib) Must there exist a value of ¢, for 60 < ¢ < 120, such that f(c) =0 7 Justify your answer.

2
ic) The rate of flow of gasoline, in gallons per second. can also be modeled by g(t) = [ﬁ] I'_'[:dil [ﬁ } for

0 = r = 150. Using this model, find the average rate of flow of gasoline over the time interval 0 = ¢ < 150,

Show the setup for your calculations.

{d) Using the mode] g defined in part (c), find the value of g*{140). Interpret the meaning of your answer in
the context of the problem.
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2. For 0 < ¢ £ &, a particle 1s moving along the curve shown so that its position at time ¢ 1s (of), v(t) ). where

s I
e

dx
x(#) 15 not explicitly given and y(t) = 2sin . It is known that m = AL time £ = (), the particle is at

position (1, 0).
ia) Find the acceleration vector of the particle at ime ¢ = 1. Show the setup for your calculations.

ib) For 0 < t <, find the first time ¢ at which the speed of the particle is 1.5. Show the work that leads wo

WOLT AmswEer

ic) Find the slope of the line tangent to the path of the particle at ime § = 1. Find the x-coordinate of the
position of the particle at time ¢ = 1. Show the work that leads o your answers.

(d) Find the total distance traveled by the particle over the time interval 0 < ¢ € x. Show the setup for your
calculations.



3. A bottle of milk is taken out of a refrigerator and placed in a pan of hot water to be warmed. The increasing
function M models the temperature of the milk at time ¢, where M{t) is measured in degrees Celsios (°C)

and f is the number of minutes since the bottle was placed in the pan. M satisfies the differential equation

dM 1
= = 4—{4[1 — M). At time ¢t = (0, the temperature of the milk is 5°C. It can be shown that M{f) < 40 for all
values of 1.

ia) A slope field for the differential equation % = %{-‘-m — M) is shown. Sketch the solution curve through

the point (0, 5).
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(b} Use the line tangent to the graph of M at r = 0 to approximate M{2), the temperature of the milk at

time ¢ = } minutes.

2 2
in terms of M. Use

dr” o

() Write an expression for to determine whether the approximation from

part (b} 15 an underestimate or an overestimate for the actual value of M{2). Give a reason for your answer.

(d) Use separation of variables to find an expression for M(¢). the particular solution to the differential

dand 1
equation " I[dﬂ — M) with initial condition M{0) = 5.
t
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Graph of f*

4. The function f is defined on the closed interval [—2, 8] and satisfies £{2) = 1. The graph of f*, the derivative

of f, consists of two line segments and a semicircle, as shown in the Ggure.

(a) Does f have a relative minimum, a relative maximum, or neither at v = 6 7 Give a reason for your

ANSWET.

(b} On what open intervals, if any, is the graph of f concave down? Give a reason for your answer.

afix] = 3x
i(c) Find the value of him ;ﬂ:]— or show that 1t does not exist. Justify your answer.
=2 x = Ar+6

() Find the sbsolute minimum value of f on the closed interval [—2, 8], Tustify your answer.

- /
¥ = gix)

i 1

[
Tk

12
5. The graphs of the functions f and g are shown in the figure for 0 £ x £ 3.1t is known that g(x) = Tex
x

for x 2 0. The twice-differentiable function f, which is not explicitly given, satisfies f{3) = 2 and

3
]'u Flx) dx = 10,
(1} Find the area of the shaded region enclosed by the graphs of f and g.

LLs
(b1 Evaluate the improper integral !‘u [lg[.rll]2 dx, or show that the integral diverges.

k]
ic) Let b be the function defined by hix) = x- f'{x). Find the value of L hix) dx.



. The function f has derivatives of all orders for all real numbers. It is known that fl[ﬂ} =2 f"[ﬂ] =3
) = - f[;z). and f*(x) = —2x - f’(.rl).

() Find j":'” [x]. the fourth derivative of § with respect to x. Write the fourth-degree Taylor polynomial for

about x = (1. Show the work that leads to your answer,

(b} The fourth-degree Taylor polynomial for § about x = 0 is used to approximate f{0.1]. Given that
|f';5:'{x}| = 15 for 0 = x = (L5, use the Lagrange error bound to show that this approximation is within

|
— of the exact value of F{0.1).
107 }

i) Let g be the function such that g(0) = 4 and g'{x) = ¢"f(x). Write the second-degree Taylor polynomial
for g about x = 0.
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. From § am. to 10 an, the rate at which vehicles arrive at a certain toll plaza 15 given by
A(t) = 4504 Hinl[ﬂ.-ﬁ!f]l . where t is the number of hours after 5 aM. and A(r) is measured in vehicles per hour.

Traffic is flowing smoothly at 5 am. with no vehicles waiting in line.

(a) Write, but do not evaluate, an integral expression that gives the total number of vehicles that arrive at the
toll plaza from 6 AM. (t = Do 10 A (r = 5).

(b} Find the average value of the rate, in vehicles per hour, at which vehicles arrive at the toll plaza from
G oan(t= 1o 1D am (r=5).

ic) Is the rate at which vehicles arrive at the woll plaza at 6 s (f = 1) increasing or decreasing? Give a reason
for your answer.

id) A line forms whenever A(¢) 2 400. The number of vehicles in line at time ¢, for @ < ¢ £ 4, is given by
Nt = r{"“:-"-j — 400) dx, where @ is the time when a line first begins to form. To the nearest whole
Ly
number, find the greatest number of vehicles in line at the toll plaza in the time interval a = ¢ £ 4. Justfy

VOUT answer.

2. A particle moving along a curve in the xy-plane is at position (x{t), ¥(¢)} at time ¢ > 0. The particle moves in
such a way that % = m and g =In {2 + ;2} Attime t = 4, the particle 1s at the point (1, 5).
ia) Find the slope of the line tangent to the path of the particle at ime ¢ = 4.
ib) Find the speed of the particle at time ¢ = 4, and find the acceleration vector of the particle at time ¢ = 4.
ic) Find the y-coordinate of the particle’s position at time ¢ = 6.

id) Find the total distance the particle travels along the curve from time ¢ = 4 o time ¢ = 6.



Graph of £

3. Let f be a differentiable function with f{d-}l = 3. On the interval 0 £ x £ 7, the graph of §°, the derivative

of f, consists of a semicircle and two line segments, as shown in the Agure above.
ia) Find f{0) and f(5).
(b) Find the x-coordinates of all points of inflection of the graph of f for 0 < x < 7. Justify your answer.

ic) Let g be the function defined by gix) = f(x) — x. On what intervals, if any, is g decreasing for
0<x=<77 Show the analysis that leads to your answer.

(d) For the function ¢ defined in part (c), find the absolute minimum value on the interval 0 < x = 7. Justify
YOUT ANSWET,



I
(days)

r(t)

(centimeters per day)

~6.1 | =50]|~-44|-38| 35

4. An ice sculpture melts in such a way that it can be modeled as a cone that maintains a conical shape as it
decreases in size. The radius of the base of the cone s given by a twice-differentiable function r, where r(r) is
measured in centimeters and ¢ is measured in days. The table above gives selected values of r'(r), the rate of
change of the radius, over the time interval 0 < ¢ < 12,

(a) Approximate r"{8.5) using the average rate of change of v’ over the interval 7 £ ¢ £ 10. Show the
computations that lead o your answer, and indicate units of measure,

(b} Is there atime ¢, 0 < ¢ < 3, for which r'{f) = —6 7 Justify your answer.

ic) Use aright Riemann sum with the four subintervals indicated in the table to approximate the value of

12 ; di
]'” r(1) dt.

id) The height of the cone decreases at a rate of 2 centimeters per day. At time ¢ = 3 days, the radiuos is
100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with
respect to time, in cubic centimeters per day, at time ¢ = 3 days, (The volume ¥V of a cone with radius r

1
and height h is V = Emrlh.]
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Figure 1 Figure 2

5. Figures 1 and 2, shown above, illustrate regions in the first guadrant associated with the graphs of v = l— and
¥= ﬁ respectively. In Figure 1, let & be the region bounded by the graph of y = % the x-axis, and the
vertical lines xr = 1 and x = 5. In Figure 2, let W be the unbounded region between the graph of ¥y = % and
the x-axis that lies o the rght of the vertical line x = 5.

(a) Find the area of region R.

(b} Region R s the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis is a

rectangle with area given by ™% Find the volume of the solid.

i) Find the volume of the solid generated when the unbounded region W is revolved about the x-axis.

.1:'3 5 T l::_]].n_l_lnfl
ﬁ- Tmt‘ i -. d fnﬁih Ih f ] 1 -. = | — — O — (R e — IIIE 'I_I_
unction f is defi v the power series flx) = x 3 + - - F oo c—— + 0ar i

real numbers x for which the series converges.

ia) Using the ratio test, find the interval of convergence of the power series for £ Justify your answer.

-4

() Write the first four nonzero terms and the general term for an infinite series that represents f*{x).

(b} Show that < = Justify your answer.

10

i
id) Use the result from part (c) to find the value of f’lg]
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A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS.

r
(centimeters) 0 1 2 25 4
e il . 1 2 6 10 18
(milligrams per square centimeter)

The density of a bacteria population in a circular petri dish at a distance r centimeters from the center of the
dish is given by an increasing, differentiable function f, where f(r) is measured in milligrams per square

centimeter. Values of f(r) for selected values of r are given in the table above.

(a) Use the data in the table to estimate f'(2.25). Using correct units, interpret the meaning of your answer

in the context of this problem.

(b) The total mass, in milligrams, of bacteria in the petri dish is given by the integral expression

4 4
2 I[} r f(r) dr. Approximate the value of 27 .[[]. rf(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.

(c) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in the

petri dish? Explain your reasoning.

(d) The density of bacteria in the petri dish, for 1 = r = 4, is modeled by the function g defined by
g(r) =2 — 16(cos(1.5747))>. For what value of k, 1 < k < 4, is g(k) equal to the average value of g(r)

ontheintervall £ r <47

2. For time t = 0, a particle moves in the xy-plane with position (x(t), y(¢)) and velocity vector

<|[r — 1)e", sin (11'25) > At time ¢ = 0, the position of the particle is (—2, 5).

(a) Find the speed of the particle at ime ¢t = 1.2. Find the acceleration vector of the particle at time ¢ = 1.2.
(b) Find the total distance traveled by the particle over the time interval 0 < ¢ < 1.2.

(c) Find the coordinates of the point at which the particle is farthest to the left for t 2 0. Explain why there is

no point at which the particle is farthest to the right for r = 0.




NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

[

3. A company designs spinning toys using the family of functions y = cxy4 — xz, where ¢ is a positive
constant. The figure above shows the region in the first quadrant bounded by the x-axis and the graph of
y=cx V4 — xz., for some c. Each spinning toy is in the shape of the solid generated when such a region is

revolved about the x-axis. Both x and y are measured in inches.

(a) Find the area of the region in the first quadrant bounded by the x-axis and the graph of y = cxy/4 — I

forc = 6.
—w c(4 ~ 22
(b) It is known that, for v = cxv"4 - xz‘ — = ——————. For a particular spinning toy, the radius of the
dx 4 — 2 Y

largest cross-sectional circular slice is 1.2 inches. What is the value of ¢ for this spinning toy?

(¢) For another spinning toy, the volume is 27 cubic inches. What is the value of ¢ for this spinning toy?

—4

Graph of f

4. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f. consisting of four

line segments, is shown above. Let G be the function defined by G(x) = j; flt) dr.

(a) On what open intervals is the graph of G concave up? Give a reason for your answer.

(b) Let P be the function defined by P(x) = G(x) - f(x). Find P*(3).

G
(c¢) Find lim ,{—x}
x=2 x° = 2x
(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a
value ¢, —4 < ¢ < 2, for which G’(c) is equal to this average rate of change? Justify your answer.



dv
5. Let y = f(x) be the particular solution to the differential equation E‘ = y-(xIn x) with initial condition

f(1) = 4. It can be shown that f"(1) = 4.

(a) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to
approximate f(2).

(b) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(2). Show the
work that leads to your answer.

dy
(c) Find the particular solution y = f(x) to the differential equation d_ = y+ (x In x) with initial
X

condition f(1) = 4.

6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

[ a) _1 ﬂxﬂ
glx) = ,E](l“-’"% on its interval of convergence.

o
. i . . 1
(a) State the conditions necessary to use the integral test to determine convergence of the series > —

€
n=l
-
1

Use the integral test to show that ) —; converges.
e
n=0

a0 1 oo -1 "
(b) Use the limit comparison test with the series ) —; to show that the series g(1) = > %
n=0°¢ n=0<%

converges absolutely.

(c) Determine the radius of convergence of the Maclaurin series for g.

o _1 L
(d) The first two terms of the series g(1) = 2 {”—}
' e *+3

are used to approximate g(1). Use the alternating

series error bound to determine an upper bound on the error of the approximation.
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A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS.

t
1. Fish enter a lake at a rate modeled by the function E given by E(t) = 20 + 15sin (%) Fish leave the lake at
2
a rate modeled by the function L given by L(t) = 4 + 29" Both E(r) and L(r) are measured in fish per

hour, and ¢ is measured in hours since midnight (r = 0).

(a) How many fish enter the lake over the 5-hour period from midnight (f = 0) to 5 aMm. (t = 5) ? Give your
answer to the nearest whole number.

(b) What is the average number of fish that leave the lake per hour over the 5-hour period from
midnight (t = 0)to 5 am. (t=5)?

(c) At what time ¢, for 0 = t < 8, is the greatest number of fish in the lake? Justify your answer.

(d) Is the rate of change in the number of fish in the lake increasing or decreasing at 5 AnM. (t = 5) 7 Explain
your reasoning.

2. Let § be the region bounded by the graph of the polar curve r(8) = 3./8sin (6‘2) for 0 € 6 < @, as shown

in the figure above.

(a) Find the area of §.

(b) What is the average distance from the origin to a point on the polar curve r(8) = 3 J@sin (6‘2) for
0<0< yz?

(¢) There is a line through the origin with positive slope m that divides the region § into two regions with
equal areas. Write, but do not solve, an equation involving one or more integrals whose solution gives the
value of m.

(d) For k > 0, let A(k) be the area of the portion of region § that is also inside the circle r = k cos 6. Find

lim A(K).

k—sm



NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

/

2 —IN@ 2 3 4 5
3 I
[T

Graph of f

3. The continuous function f is defined on the closed interval —6 < x < 5. The figure above shows a portion of
the graph of f, consisting of two line segments and a quarter of a circle centered at the point (5, 3). It is
known that the point (3,3 — /5 ) is on the graph of f.

5 -2
(a) If J- . f(x) dx = 7, find the value of j . f(x) dx. Show the work that leads to your answer.

(b) Evaluate J': (2f"(x) +4) dx.

X
(¢) The function g is given by g(x) = _[ 5 f(r) dt. Find the absolute maximum value of g on the interval

—2 < x < 5. Justify your answer.

& Find 1im =30
(d) Fin xl_rbn] f(x) — arctan x’

4. A cylindrical barrel with a diameter of 2 feet contains collected rainwater, as shown in the figure above. The
water drains out through a valve (not shown) at the bottom of the barrel. The rate of change of the height & of

dh 1
the water in the barrel with respect to time ¢ is modeled by > =

——+/ h, where h is measured in feet and
d 10

t is measured in seconds. (The volume V of a cylinder with radius r and height 4 is V = 7rr2h.)

(a) Find the rate of change of the volume of water in the barrel with respect to time when the height of the
water is 4 feet. Indicate units of measure.

(b) When the height of the water is 3 feet, is the rate of change of the height of the water with respect to time
increasing or decreasing? Explain your reasoning.

(c) Attime t = 0 seconds, the height of the water is 5 feet. Use separation of variables to find an expression
for h in terms of t.



1

5. Consider the family of functions f(x) = 5/———
Xt —2x+k

. where k is a constant.

(a) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6.
1
(b) For k = —8, find the value of ID F(x) dx.

2
(¢) For k = 1, find the value of _[0 f(x) dx or show that it diverges.

St

/ n £"(0)
3

/ 2 3
A / 3 _23
~_7 2

4 54

6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,

along with the line tangent to the graph of f at x = (. Selected derivatives of f at x = 0 are given in the table
above.

(a) Write the third-degree Taylor polynomial for f about x = 0.

(b) Write the first three nonzero terms of the Maclaurin series for e*. Write the second-degree Taylor
polynomial for ¢*f(x) about x = 0.

X
(c) Let h be the function defined by h(x) = -[D f(t) dt. Use the Taylor polynomial found in part (a) to find an

approximation for /(1).

(d) It is known that the Maclaurin series for & converges to h(x) for all real numbers x. It is also known that
the individual terms of the series for h(1) alternate in sign and decrease in absolute value to 0. Use the
alternating series error bound to show that the approximation found in part (c) differs from k(1) by at
most 0.45.
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1.

A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS.

People enter a line for an escalator at a rate modeled by the function r given by

roy? 'Y
- - <<
M(lm) (l 3{}{}) for 0 <1< 300
0 for 1= 300,

where r(1) is measured in people per second and ¢ is measured in seconds. As people get on the escalator,
they exit the line at a constant rate of 0.7 person per second. There are 20 people in line at time 1 = (.

{a) How many people enter the line for the escalator during the time interval 0 = r < 300 7

(b) During the time interval 00 < r = 300, there are always people in line for the escalator. How many people
are in line at time ¢ = 300 7

(c) Forr = 300, what is the first time ¢ that there are no people in line for the escalator?

(d) For 0 = r £ 300, at what time ¢ is the number of people in line a minimum? To the nearest whole
number, find the number of people in line at this time. Justify your answer.



2. Researchers on a boat are investigating plankton cells in a sea. At a depth of & meters, the density of plankton
cells, in millions of cells per cubic meter, is modeled by p(h) = 0207 P09 f0r 0 < h < 30 and is

modeled by f(h) for k = 30. The continuous function [ is not explicitly given.
(a) Find p’(25). Using correct units, interpret the meaning of p’(25) in the context of the problem.

(b) Consider a vertical column of water in this sea with horizontal cross sections of constant area 3 square
meters. To the nearest million, how many plankton cells are in this column of water between i = 00 and
h = 30 meters?

(¢) There is a function i such that 0 € f(h) £ u(h) forall h = 30 and j';;u{h]l dh = 105. The column of
water in part (b) is K meters deep, where K > 30. Write an expression involving one or more integrals
that gives the number of plankton cells, in millions, in the entire column. Explain why the number of
plankton cells in the column is less than or equal to 2000 million.

(d) The boat is moving on the surface of the sea. At time ¢ = 0, the position of the boat is (x(¢), ¥(r)), where

x'(r) = 662sin(51) and y'(t) = 880cos(6¢). Time 1 is measured in hours, and x(r) and y(r) are
measured in meters. Find the total distance traveled by the boat over the time interval 0 £ r £ 1.



NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.
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Graph of g

3. The graph of the continuous function g, the derivative of the function f, is shown above. The function g is

piecewise linear for —5 < x < 3, and g(x) = 2(x — 4)2 for3<x<6.

(a) If f(1) = 3, what is the value of f(—5) ?

6
(b) Evaluate Il g(x) dx.

(c) For —5 < x < 6, on what open intervals, if any, is the graph of f both increasing and concave up? Give a
reason for your answer.

(d) Find the x-coordinate of each point of inflection of the graph of f. Give a reason for your answer.

;
earsy | 2| 3|57 |10
Hit)

ety [ 15 2 [ 6 | 11|15

4. The height of a tree at time r is given by a twice-differentiable function H, where H(r) is measured in meters
and r is measured in years. Selected values of H(r) are given in the table above.

(a) Use the data in the table to estimate H’(6). Using correct units, interpret the meaning of H'(6) in the
context of the problem.

(b) Explain why there must be at least one time ¢, for 2 < ¢ < 10, such that H'(r) = 2.

{c) Use atrapezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 £ ¢ < 10.

(d) The height of the tree, in meters, can also be modeled by the function G, given by G(x) = :D.% . where
x is the diameter of the base of the tree, in meters. When the tree is 50 meters tall, the diameter of the
base of the tree is increasing at a rate of (.03 meter per year. According to this model, what is the rate of
change of the height of the tree with respect to time, in meters per year, at the time when the tree is

50 meters tall?



5. The graphs of the polar curves r = 4 and r = 3 + 2cos & are shown in the figure above. The curves intersect

T S
t8=—and 8 = —.
al 3:1[1 3

ia) Let R be the shaded region that is inside the graph of r = 4 and also outside the graphof r =3 + 2cos 8,
as shown in the figure above. Write an expression involving an integral for the area of R.

i(b) Find the slope of the line tangent to the graphof r =3 4+ 2cos 8 at 8 = g.
ic) A particle moves along the portion of the curve r =3 4+ 2cos 8 for0 < 8 < % The particle moves in
such a way that the distance between the particle and the origin increases at a constant rate of 3 units per

second. Find the rate at which the angle & changes with respect to time at the instant when the position

of the particle corresponds o 8 = % Indicate units of measure.

6. The Maclaurin series for In(1 + x) is given by

%]
tad
A

X X X
4 n

On its interval of convergence, this series converges to In(1 + x). Let f be the function defined by
flx) = xln(] + %)

(a) Write the first four nonzero terms and the general term of the Maclaurin series for f.

(b) Determine the interval of convergence of the Maclaurin series for f. Show the work that leads to your
answer.

(c) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Use the alternating series error
bound to find an upper bound for | P(2) — f(2) |
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1.

A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS.

Alh)

(square feet) | 03 | 144 | 65 29

A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height /i feet is given by
the function A, where A(h) is measured in square feet. The function A is continuous and decreases as h
increases. Selected values for A(h) are given in the table above.

(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
volume of the tank. Indicate units of measure.

(b) Dwoes the approximation in part (a) overestimate or underestimate the volume of the tank? Explain your
reasoning.

(c) The area, in square feet, of the horizontal cross section at height h feet is modeled by the function [ given

.3
by f(h) = T& Based on this model, find the volume of the tank. Indicate units of measure.
e+

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing with respect to time when the height of the water is 5 feet. Indicate units of measure.

-1

. The figure above shows the polar curves r = f(8) = 1 + sin 8 cos(28) and r = g(@) = 2cos @ for

D=0= %. Let R be the region in the first quadrant bounded by the curve r = f(#) and the x-axis. Let § be

the region in the first quadrant bounded by the curve r = f(8), the curve r = g(#), and the x-axis.

(a) Find the area of R.

eray @ =k, where 0 < k < E, divides § into two regions of equal area. Write, but do not solve, an
b) Th &=k, where 0 < k 2

equation involving one or more integrals whose solution gives the value of k.

(c) Foreach#, 028¢< g, let w(@) be the distance between the points with polar coordinates (f(#), @) and
m
(£(@). 8). Write an expression for w(#). Find wy, the average value of w{@) over the interval 0 £ 8 < 7
{(d) Using the information from part (c), find the value of @ for which w(#) = w;. Is the function w{8)
increasing or decreasing at that value of @ 7 Give a reason for your answer.



NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

Graph of f*

3. The function f is differentiable on the closed interval [— 6, 5] and satisfies f(—2) = 7. The graph of f’, the
derivative of f, consists of a semicircle and three line segments, as shown in the figure above.

{a) Find the values of f{—6) and f(5).

(b} On what intervals is f increasing? Justify your answer.

ic) Find the absolute minimum value of f on the closed interval [—6, 53]. Justify yvour answer.

(d) Foreachof f”(—5) and f"(3). find the value or explain why it does not exist.

4. Attime r = 0, a boiled potato is taken from a pot on a stove and left to cool in a kitchen. The internal
temperature of the potato is 91 degrees Celsius (°C) at time r = 0, and the internal temperature of the potato
is greater than 27°C for all times ¢ > (). The internal temperature of the potato at time r minutes can be

1

dH
modeled by the function H that satisfies the differential equation P _E[H — 27), where H(r) is

measured in degrees Celsius and H(0) = 91.

(a) Write an equation for the line tangent to the graph of H at 1 = 0. Use this equation to approximate the
internal temperature of the potato at time r = 3.

2
(b) Use — to determine whether your answer in part (a) is an underestimate or an overestimate of the
dli

internal temperature of the potato at time r = 3.

{c) Fort < 10, an alternate model for the internal temperature of the potato at time ¢ minutes is the function
dG
(7 that satisfies the differential equation I =— (G — 2?]'21IIr 3, where ((r) is measured in degrees Celsius
and G(0) = 91. Find an expression for G(t). Based on this model, what is the internal temperature of the

potato at time f =3 7
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5. Let f be the function defined by f(x) = —5———
2v" —Tx+35

{a) Find the slope of the line tangent to the graph of fat x = 3.

(b) Find the x-coordinate of each critical point of f in the interval 1 < x < 2.5. Classify each critical point as
the location of a relative minimum, a relative maximum, or neither. Justify your answers.

2 | ]
(c) Using the identity that I evaluate E fix) dx or show that the integral

2¢r —Tx45 26—5  x—

diverges.
I I o 3 ) .
(d) Determine whether the series E ﬁ converges or diverges. State the conditions of the test
n=5 n- — in+

used for determining convergence or divergence.

F(0)=0
f0)=1
Fm N 0) = —n-f™(0) forall n 21

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.

The Maclaurin series for f converges to f(x) for|x| < L

2
2 x3 x4

(a) Show that the first four nonzero terms of the Maclaurin series for f are x — % K ? - T and write the

general term of the Maclaurin series for f.

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = j: f(1) du.

1 1
(d) Let P;,[ 5] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = 3 where g is

the function defined in part (c). Use the alternating series error bound to show that
ol AN T
N2) 82| = s00°




