Taylor/Maclaurin Series to Know
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Absolute vs Conditional Convergence
| Aseries Yo a, converges absolutely if the absolute value series Y7 ola, | converges.
A series Yo, a,, converges conditionally if the absolute value series Y7 ola,| diverges, but 7", ay, converges.

For our purposes, compare the following alternating series.
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Alternating Series Error Bound
For each question below:
a. find an approximation to the sum of the infinite series using the indicated number of terms.
b. set up an inequality to determine the maximum error for your approximation. Find this maximum error.
c. use your answer from part (b) to find an interval where the sum of the infinite series must exist.
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\/ The functinn g has derivatives of all orders, and the Maclaurin series for g 15
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{a) Using the ratio test, determine the interval of convergence of the Maclaurin series for g,

1

o is an alternating series whose terms decrease in absolute

17
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{b} The Maclaurin series for g evaluated at x =

value to 0. The approximation for g(%) using the first two nonzero terms of this series 18 —=~. Show that

this approximatien differs from g{ :i) by less than - {JJ 5

{c) Write the first three nonzero terms and the general term of the Maclaurin series for g'{x).
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The Maclaurin series for a function f is given by Z[

el

convergesto f(x) for x| < R, where R is the radius of convergence of the Maclaurin series,

(a) Uscthe mtio test to find R,

(b) Write the first four nonzero terms of the Maclaurin series for f7, the derivative of f. Express f* asa
rational function for |x] < R.

(c) Write the first four nonzero terms of the Maclaurin series for e*. Use the Maclaurin series for e* to write
the third-degree Tayler polynomial for g(x) = e f{x) about x = 0.

The Taylor serics for a function f about x = | is given by z(—l)"*lz—:(x -1)" and convergesto f(x) for
el

[x — 1] < R, where R is the radius of convergence of the Taylor series.

(2) Find the value of A.

(b) Find the first three nonzero terms and the general term of the Taylor series for [, the derivative of £, about
=1L

(c) The Taylor series for " about x = 1, found in part (b}, is a geomeiric series. Find the fanction /" to which
the series canverges for |x - 1} < R. Use this function to determine / for |x - 1] < R.




A function [ has derivatives of all orders at x = 0. Let P, (x) denote the nth-degree Taylor polynomial
for £ about x = 0.

(8) Itis known that f(0) = —4 and that a{ ) = -3, Show that £'(0) = 2.

(b) 1tis known that f"(0) = -< and Fro) = —, Find A(x).

(¢} The function A has first derivative given by A{x) = f{2x). Itis known that A{0} = 7. Find the
third-degree Taylor polynomial for & abowt » = 0,

Let f( r}-sm{x J+BOS¥ The graph of’ »= Efm x}f
shown above, AR

{a) Write the first four nonzero terms of the Taylor scries for
sin x about x = 0, and write the first four nonzero terms

of the Taylor series for sm( ) about x = 0,

{b} Write the first four nonzero terms of the Taylor series for
cos x ahout x = 0. Use this series and the series for

Sm( ) found in part (), to write the first four nonzero Graphof y = ]J’E'S}f{x)l
terms of the Taylor series for f about x = 0,

(¢) Find the value of £1%'(0).
(d) Let P(x) be the fourth-degree 'Ir;aylor polynomial for f about x = 0. Using information from the graph of
y = tfm(x)a shown above, show that ]!’,,{4) ----- f(vé)l < 'ﬁi

Let f(x) = In{1+2*).

2 3 4 o -
{a) The Maclaurin series for In(l + x) is x -%— + %— - -J%v +ot{- l}”f+1 x._ -+, Use the series to write

the first four nonzero terms and the general term of the Maclaurin series for ia

(b} The radius of convergence of the Maclaurin series for f ig 1. Determine the interval of convergence. Show
the work that feads to your answer,

{c) Wrile the first four nonzere terms of the Maclavrin series for f° ‘{ M g(x) J' f ( dt, use the first
two nonzero terms of the Maclaurin series for g o approximate g(1).

{d) The Maclaurin series for g, evaluated at x = 1, is a convergent slternating series with individual terms
that decrease in absolute value to 0. Show that your approximation in part (¢} must differ from g{1) by
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JM forx # 0
flx) = I"
~5 for x =9

The function J, defincd above, has derivatives of all 1 orders. Let g be the function defined by
glxi=1+ j.‘) F(t) e,

{a) Wrtte the first three nonzero terms and the general term of the Taylor series for cos x about x = 0. Use this
series to write the first three nonzero terms and the general term of the Taylor scries for f about x = 0.

{b) Use the Taylor series for ( about x = ¢ found in part (a) to determine whether / has a relative maximum,
relative minimum, or neither at x = 0. Give a reason for your answer.

{¢) Write the fifth-degree Taylor polynomial for g about x = 0.
{d) The Taylor series for g about x = 0, evaluated at x = 1, is an alternating series with individual terms that
decrease in absolute value 10 0. ste the Lhkrd degree Taylor polynomial for g about x = (0 to estimate the

value of g{1). Explain why this esnmme dxffers from the actual value of g(1} by less than gw

/ The Maclaurin sertes for the function f is given by f{x) = Zu-—)-

H
ey
{a) Find the interval of convergence for the Maclaurin serfes of f. Justify your answer.

on its interval of convergence,

(b} Show that y = f(x) is a solution lo the differential equation xy' — y =

*_ for | x| < R, where R is the
I+ 2x
radius ol convergence from part (a).

o 3 "
The Maclaurin series for ¢” is & =1+ x + —’2,— + % et fn—! + +--, The continuous function [ is defined
eyt
by fix)= ‘-—-—-—m—l for x # 1 and f{1) = 1. The function / has derivatives of all orders at x = 1.

(x=1)7

. . i
(a} Write the first four nonzero terms and the general term of the Taylor series for ¢ ™ abowt x = 1.
{b) Use the Taylor series found in part (a) {o write the fitst four nonzere terms and the general term of the
Taylor series for f about ¥ =1,
(¢} Use the ratio test 1o find the interval of convergence for the Taylor series found in part {b),

{d) Usc the Taylor seties for f about x =1 to determine whether the graph of £ has any points of
inflection,




No Calculators here.

l 1. Given f(x) = —1_1—x , approximate f(0.1) using a second degree MacLaurin Polynomial and find the error.
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2. Find the error bound involved in calculating the sum of the first six terms of the series Y. >°_,
g
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Taylor’s Remainder Theorem or Lagrange Error Bound

fTH-I (z)lx = a]n+1

R.l<
IRyl < (n+ 1)!

(Compare w/ Taylor Polynomial Formula)

f™*1(2) is the maximum value between a and x by looking at the next unused term. (looking at the n + 1 derivative of £(x) )

3. Find the error bound for f(x) = li—x, using a second degree McLaurin Polynomial at £(0.1).
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You can now use calculators here.
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4. Write a fourth-degree Maclaurin polynomial for f(x) = e*. Then use your polynomial to approximate e ™1, q,q
Approximate the error bound for the maximum error for this approximation. - 3b”’
I}
e v 3 Vi

5. Find the fourth-degree Taylor polynomial for cos x about x = 0. Then use your polynomial to approximate the
value of cos 0.8, and determine the error bound for the maximum error of this approximation.

b. Use your answer to estimate the value of f(4.2).
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8. Calculator permitted.

x h(x) | H(x) I(x) h"(x) A (x)
1 11 30 42 99 18
_ 488 448 584
2 80 128 —= 5 =
, 53 1383 3483 1125
3 J2d 29
3 37 2 4 16 16

Let /r be a function having derivatives of all orders for x > 0. Selected values of /i and its first four

derivatives are indicated in the table above, The function /& and these four derivatives are increasing on

the interval 1 € x < 3,

(n) Write the lirst-degree Taylor polynomial for 4 about x = 2 and use it to approximate A(1.9). Is this
approximation greater than or less than #{1.9) ? Explain your reasoning.

(b} Write the third-degree Taylor polynomial for /7 about x = 2 and use it to approximate 4{1.9).

{¢} Use the Lagrange error bound to show that the third-degree Taylor polynonial for ## about x = 2

approximates (1.9} with error less than 3x 1074,
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9. Calculator not permitted.

) The Taylor series about x =3 for a certain function f converges to f (x) for all x in the interval of

convergence. The nth derivative of fat x =3 is given by

@)= T g ()=

5" (n+ ?)
(a) Write the fourth-degree Taylor polynomial for fabout x = 3.
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(¢) Show that the third-degree Taylor polynomial approximates f(4) with an error less than ——
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